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This paper deals with the time-domain homogenization of laminated cores in 2D or 3D finite element (FE) models of electromagnetic
devices, allowing for net circulating current in the laminations (e.g. due to imperfect or damaged insulation). The homogenization is
based on the expansion of the induction throughout the lamination thickness using a set of orthogonal polynomial basis functions,
in conjunction with the magnetic vector potential (MVP) formulation. These basis functions allow for net flux, net current and skin
effect in the laminations; by choosing the number of basis functions, one can compromise between accuracy and computational cost.
The approach is validated through a linear 2D test case with in-plane imposed and induced current density; a brute-force model in
which all laminations are finely meshed produces the reference solution. The extension to nonlinear 3D problems is expected to be
straightforward.
Index Terms—Eddy currents, finite-element methods, homogenization, lamination stack.
I. INTRODUCTION
WHEN MODELLING electromagnetic devices compris-ing laminated iron cores by means of the FE method, it
may be essential that the induced eddy currents, the associated
losses and the ensuing skin effect in the laminations are directly
considered in the resolution, and not just in the postprocessing
stage. For real-life applications it is mostly prohibitive to model
and discretise each lamination separately. Dedicated numerical
techniques are therefore of great practical interest.
The approaches proposed in literature so far for dealing
efficiently with laminated cores are applicable in the frequency
and/or time domain, consider saturation (possibly hysteresis)
or not, may include perpendicularly incident flux, and consist
of single-step or two-step algorithms [1]–[5]. Mostly perfect
insulation of the laminations is assumed, i.e. the induced
current density cancels in any cross-section of a lamination.
In practice net circulating current may occur due to inter-
lamination insulation damage [6], [7], [8].
In this paper the net-current feature is added to the nonlinear
time-domain homogenization method proposed in [3], [4]. The
procedure is similar to the thin-shell technique in [9]. For the
sake of brevity and clarity, validation is done through a 2D
test case, with in-plane current density and out-of-plane flux
density.
II. 1D LAMINATION MODEL
Let us consider a lamination of thickness d ( d/2 
z  d/2), homogeneous isotropic material with a constant
conductivity   (resistivity ⇢ =   1) and constant permeability
µ (reluctivity ⌫ = µ 1). The flux density b(z, t) and magnetic
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field h(z, t) = ⌫ b(z, t) are assumed along the x-axis, e.g., and
the current density j(z, t) and electric field e(z, t) = ⇢ j(z, t)
along the y-axis. The 1D eddy-current problem is governed by:
@zh(z, t) = j(z, t) , @ze(z, t) = @tb(z, t) , j =  e (1)
) @2zh(z, t) =   @tb(z, t) , with h = ⌫b . (2)
Relevant to the homogenization are the flux density and
the current density averaged over the thickness, b0(t) =
1
d
R d/2
 d/2 b(z, t) dz, j0(t) =
1
d
R d/2
 d/2 j(z, t) dz, respectively,
the upper/lower/average surface magnetic field h±s (t) =
h(±d/2, t), hs = (h+s + h s )/2, resp., and surface electric
fields e±s (t) = e(±d/2, t) and es = (e+s + e s )/2, resp.
Regarding the symmetry of b, h, j and e with respect to
the middle of the lamination, z = 0, two particular dual cases
can be distinguished, namely with net flux but zero net current
(b(z, t) = b( z, t), h+s = h s , j(z, t) =  j( z, t), j0 = 0
and es = 0), and with net current but zero net flux (j(z, t) =
j( z, t), e+s = e s , b(z, t) =  b( z, t), b0 = 0 and hs = 0), as
shown in Fig. 1. (Both cases are generally present, furthermore
along the two directions of the lamination, which makes the
superposition of four cases.)
Denoting all complex quantities in bold (including | =p 1), the analytical frequency-domain solution of (1)(2), at
frequency f and pulsation ! = 2⇡f , yields the following
expressions of the complex lamination-level reluctivity ⌫ and
resistivity ⇢ for the net-flux and net-current case respectively:
⌫ =
hs
b0
= ⌫  (d⇤) and ⇢ =
es
j0
= ⇢ (d⇤) , (3)
with the frequency dependence contained in  (d⇤)
 (d⇤) =
1 + |
2
d⇤ cotanh
⇣1 + |
2
d⇤
⌘
, (4)
where d⇤ = d/  is the relative lamination thickness (with   =p
2/(!µ ) the penetration depth).
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Fig. 1. 1D lamination model with local coordinate system xyz and with either
net flux (along x) or net current (along y)
An approximate time-domain solution of (1), (2) can be
obtained through expansion of b(z, t), h(z, t) and j(z, t) with
respective polynomial basis functions (BFs) ↵k(z),  k(z)
and  k(z) of order k. For given d and k, these BFs are
uniquely defined, with coefficients and properties that can be
obtained/verified analytically (or symbolically). The expansion
of b(z, t), of order n   0, is the starting point:
b(z, t) =
Xn
k=0
↵k(z) bk(t) , (5)
where the BFs ↵k(z) are mutually orthogonal, i.e.R d/2
 d/2 ↵k(z)↵l(z) dz = 0 if k 6= l, and with ↵k(d/2) = 1.
For n = 3: ↵0(z) = 1, ↵1(z) = 2 zd , ↵2(z) =   12 + 6
 
z
d
 2,
↵3(z) =  3 zd + 20
 
z
d
 3. Even and odd BFs contribute to the
net-flux and net-current part, respectively.
In order to satisfy PDE (2a) identically, the magnetic field
h(z, t) is next expanded considering hs(t) and j0(t):
h(z, t) = hs(t) + j0(t)z  
Xn
k=0
 d2  k+2(z) @tbk , (6)
with  k(±d/2) = 0 and  d2@2z k+2(z) = ↵k(z). For n = 3:
 2(z) =
1
8   12
 
z
d
 2,  3(z) = 112 zd   13   zd 3,  4(z) =   132 +
1
4
 
z
d
 2   12   zd 4,  5(z) =   116 zd + 12   zd 3     zd 5.
Deriving (6) with respect to z produces an expansion of
j(z, t) which satisfies identically PDE (1a):
j(z, t) = j0(t) 
Xn
k=0
 d  k+1(z) @tbk , (7)
with  k+1(z) = d @z k+2. For n = 3:  1(z) =  
 
z
d
 
,  2(z) =
1
12  
 
z
d
 2,  3(z) = 12 zd   2   zd 3,  4(z) =   116 + 32   zd 2  
5
 
z
d
 4.
With these three expansions all equations in (1-2) are satis-
fied exactly except the constitutive law h = ⌫b. The latter can
be weakly imposed by weighing with ↵l(z) (0  l  n):
1
d
Z d/2
 d/2
⇣
h(z, t)  ⌫b(z, t)
⌘
↵l(z) dz = 0 , (8)
which leads to n + 1 linear first-order ODEs in terms of the
n+ 1 bk(t).
As the ↵k(z) BFs are orthogonal and as  k(z) and ↵l(z)
are orthogonal unless |k   l| is equal to 0 or 2, these ODEs
can be greatly simplified, with up to 4 terms per ODE.
Weighing with ↵0(z) = 1, we obtain:
hs = ⌫b0 +
 d2
12
@tb0    d
2
60
@tb2 , (9)
where the @tb2 term is to be ignored if n < 2.
Weighing with ↵1(z) = 2z/d and for any n   3:
j0
d
6
=
⌫
3
b1 +
 d2
180
@tb1    d
2
420
@tb3 . (10)
If n   2, weighing with ↵l(z), 2  l  n, produces n   1
ODEs:
0 =
⌫
pl
bl +
 d2
ql,l
@tbl +
 d2
ql 2,l
@tbl 2 +
 d2
ql+2,l
@tbl+2 , (11)
where the @tbn+1 and @tbn+2 terms are to be ignored when
l = n 1 and l = n, resp., and where the pl and qk,l coefficients
are given by:
p 1l =
1
d
Z d/2
 d/2
↵2l (z) dz =
1
2l + 1
, (12)
q 1k,l =
1
d
Z d/2
 d/2
 k+2(z)↵l(z) dz . (13)
with ql,l equal to 12, 180, 210, 630, 1386, . . ., and  ql+2,l =
 ql,l+2 equal to 60, 420, 1260, 2772, 5148, . . ., for l =
0, 1, 2, 3, 4, . . .
The average surface electric field is given by (n   1):
es(t) =
⇢
2
⇣
j(d/2, t)+j( d/2, t)
⌘
= ⇢j0(t)+
d
6
@tb1 . (14)
Combining (10) and (14), for any n   3, leads to
es =
2⌫
 d
b1 +
d
5
@tb1   d
70
@tb3 , (15)
such that hs and es can be directly used as source quantities for
the n + 1 ODEs. Solving the latter in the frequency domain
(@t ⌘ |!) with either net flux (hs = 1 and es = 0) or net
current (hs = 0 and es = 1), the quick convergence towards
the analytical solution (3) can be observed. Roughly, allowing
for a 1% error, n equal to 1, 3 and 5 suffices until d⇤ equal to
1, 4 and 8 respectively.
III. 2D FINITE ELEMENT IMPLEMENTATION
In order to validate the 1D lamination model of the previous
section, we consider a 2D magnetodynamic problem in domain
⌦ 2 R2 with in-plane current density j(x, y, t) (zero z
component) and out-of-plane flux density b(x, y, t) (zero x and
y component).
A. Reference brute-force modelling
Using the (in-plane) magnetic vector potential a, with b =
curl a and e =  @ta, the well-known weak form of Ampere’s
law curlh = j, with j = j
s
   @ta, reads: find a so that 
j
s
, a0
 
⌦s
=
 
h(b), curl a0
 
⌦
+
 
  @ta, a
0 
⌦c[⌦` , 8a
0 (16)
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where a0 is a test function; j
s
is the prescribed source current
density in ⌦s;   @ta is the induced current density in the
non-laminated and laminated conducting subregions ⌦c and
⌦`, resp.; (·, ·)⌦ denotes a surface integral in ⌦ of the scalar
product of the two arguments. For the sake of conciseness
boundary terms are omitted in (16) and infinitely thin insulation
layers are assumed between the laminations. Net currents in
the laminations are therefore only possible through their lateral
sides (of width d).
The basic formulation (16) requires that each lamination is
modelled explicitly and meshed sufficiently finely in the thick-
ness direction. The MVP a can be discretised with Whitney
edge elements, with tree-cotree gauging in the non-conducting
part of ⌦ [3].
B. Homogenization of the lamination stack
The homogenization of the lamination stack consists in
meshing ⌦` coarsely, independently of the lamination thickness
and orientation, and defining in it new variables bk(x, y, t)
(1  k  n) along z, with BFs which are, e.g., elementwise
nonzero and equal to the unit vector along z. The average flux
density in the laminations can be considered through the usual
MVP, i.e. b0(x, y, t) = curl a in ⌦`, for which edge BFs are
used throughout ⌦.
Considering hs (9), instead of h [4], and j0 (10) in ⌦`, (16)
can be rewritten as (with n = 2, e.g.): 
j
s
, a0
 
⌦s
=
 
⌫ curl a, curl a0
 
⌦
+
 
  @ta, a
0 
⌦c
+
  d2
12
@tcurl a, curl a0
 
⌦`
    d2
60
@tb2, curl a
0 
⌦`
  2⌫
d
b⇤1, a
0 
⌦`
    d
30
@tb
⇤
1, a
0 
⌦`
+
  d
70
@tb
⇤
3, a
0 
⌦`
, (17)
where b⇤l is an in-plane vector, parallel to the laminations,
obtained by a 90  rotation of bl.
Using test functions b0l, 2  l  n, in ⌦`, (11) becomes:
find bl, so that
0 =
  ⌫
pl
bl, b
0
l
 
⌦`
+
  d2
ql,l
@tbl, b
0
l
 
⌦`
+ . . . , 8b0l (18)
Finally, (14) is weakly imposed with b01:
0 =
 
@ta
⇤, b01
 
⌦`
+
  2⌫
 d
b1, b
0
1
 
⌦`
+
 d
5
@tb1, b
0
1
 
⌦`
  . . . (19)
with e⇤s =  @ta⇤ a 90  rotation of es.
IV. APPLICATION EXAMPLE
The presented homogenization approach is applied to the 2D
model of a laminated ring core (neglecting curvature, 1m along
z) shown in Fig. 2. The core comprises 2⇥10 laminations with
d = 0.5mm,   = 2MS/m, relative permeability µr = 2000,
width 2 ⇥ 10mm, separated by horizontal insulation layers
(70µm thick,   = 0, µr = 1). In the fine model (Fig. 2,
left) each half lamination cross-section is split up in 13 ⇥ 10
quadrangles, separated by a single layer of quadrangles (insu-
lation), for a total of 5065 real or complex valued unknowns
(after gauging). The homogenized lamination stack (including
the insulation) is split up in 13⇥10 quadrangles (Fig. 2, right),
with 130 additional unknowns per bl (1  l  n), on top of
the 352 when n = 0. The fill factor of the laminated core,
  = 50/57 = 87.7%, is simply taken into account through an
increased reluctivity ⌫/  and decreased conductivity    [3].
Fig. 2. 2D FE model with laminated ring core, lateral contact layers, coil
and air in-between (1/4 cross-section). Left: fine reference mesh with imposed
and induced current density (2 kHz, real part); Right: mesh of homogenized
lamination stack
The lamination stack touches a vertical 0.1mm thick con-
ducting layer (µr = 1,   = 500 S/m), which touches in turn a
0.5mm thick conducting layer (µr = 1,   = 5MS/m). These
layers constitute ⌦c and allow for net horizontal current j0 in
the laminations and a global skin effect in the stack.
The source current density j
s
in the coil (⌦s, outer layer of
quadrangles) varies either sinusoidally or triangularly in time
(up to 10 kHz, d⇤ = d/  = 6.3) with the same peak value.
The latter is such that in DC conditions the flux density in the
laminations is around 1 T. In the sinusoidal case (with imposed
real-valued current), the equations are solved using complex
numbers (producing the steady-state regime), whereas in the
triangular case, time stepping is done starting from the zero
solution (using backward Euler and 200 steps per period).
Figs. 2 (left) and 3 show results for the sinusoidal regime
at 2 kHz (d⇤ = d/  = 2.8), with both local and global skin
effect. The contribution of b0, b1 and b2 to the total flux density
is shown in more detail in Fig. 4. Clearly the homogenization
with n = 2 gives a good agreement with the reference solution.
Some time-stepping results with triangular current are shown
in Fig. 5, namely total eddy current losses and magnetic energy
in the laminations versus time, for different frequencies (up
to 10 kHz), obtained with the reference model and homoge-
nization with increasing n, by integrating either j2(x, y, t)/ 
and 12⌫b
2(x, y, t) or the corresponding expressions in terms of
bk(x, y, t) (0  k  n). Given the harmonic content of the
current waveform, n = 5 is a reasonable choice at 10 kHz.
For 200 time steps, the computation time on a MacBook
Pro 2.6GHz Quad-core Intel i7 is approximately 35 s with the
fine mesh, and 5.7 s, 7.2 s and 8.3 s with homogenization and
n equal to 1, 3 and 5 resp., with only a slight dependence on
frequency.
V. CONCLUSION
The time-domain one-step homogenization approach pre-
sented in this paper is an extension of previous work by the
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Fig. 3. Sinusoidal regime at 2 kHz: variation of flux density and current
density (real and imaginary part) throughout the ten laminations (on the vertical
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ref.) and with homogenization (n = 2)
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Fig. 4. Sinusoidal regime at 2 kHz: variation of flux density throughout the
three upper (outer) laminations of the core, obtained with fine mesh and
homogenization n = 2 (plus contribution of b0, b1 and b2)
authors as net currents in the laminations are allowed for
thanks to odd basis functions for the expansion of the flux
density throughout the lamination thickness. These net currents
can be due to imperfect insulation and may be such that
homogenization of the stack is still feasible; in the simple 2D
application example the conductivity of one lateral insulation
layer has been chosen sufficiently low to that end. Provided
enough basis functions are adopted, both frequency and time
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Fig. 5. Triangular current and time stepping: eddy current losses and magnetic
energy versus time at 0.5, 2 and 10 kHz, obtained with fine mesh and
homogenization (with increasing n for sufficient accuracy)
domain results were observed to agree well with the reference
solution obtained with a brute-force approach, with a reduction
of the computation time. The logical next steps are to consider
saturation, what is expected to be as straightforward as in [4],
[9], and the application to a full 3D test case.
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